We study the dynamics of a nanomechanical resonator (NMR) subject to a measurement by a lowtransparency quantum point contact (QPC) or tunnel junction in the non-Markovian domain. We derive the non-Markovian number-resolved (conditional) and unconditional master equations valid to second order in the tunneling Hamiltonian without making the rotating-wave approximation and the Markovian approximation, generally made for systems in quantum optics. Our non-Markovian master equation reduces, in appropriate limits, to various Markovian versions of master equations in the literature. We find considerable difference in dynamics between the non-Markovian cases and its Markovian counterparts. We also calculate the time-dependent transport current through the QPC which contains information about the measured NMR system. We find an extra transient current term proportional to the expectation value of the symmetrized product of the position and momentum operators of the NMR. This extra current term, with a coefficient coming from the combination of the imaginary parts of the QPC reservoir correlation functions, has a substantial contribution to the total transient current in the non-Markovian case, but was generally ignored in the studies of the same problem in the literature. Considering the contribution of this extra term, we show that a significantly qualitative and quantitative difference in the total transient current between the non-Markovian and the Markovian wide-band-limit cases can be observed. Thus, it may serve as a witness or signature of the non-Markovian features in the coupled NMR-QPC system.
I. INTRODUCTION
Recent advances in nanotechnology have enabled the fabrication of very small quantum electronic devices that incorporate mechanical degrees of freedom, called nanomechanical systems [1] [2] [3] [4] [5] [6] [7] . The interplay between electronic and mechanical degrees of freedom has generated interesting dynamical effects [8] [9] [10] [11] [12] . These advances have also opened a new avenue to technology of high precision displacement measurement using electronic devices, such as quantum dots, single electron transistors (SET's), or quantum point contacts (QPC's) [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Experiments using SET's and QPC's have demonstrated displacement detections of a nanomechanical resonator (NMR) with sensitivities close to the standard quantum limit [13] [14] [15] [16] . Similar problems of a two-level system measured by QPC's or SET's have also attracted much attention [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] theoretically and experimentally.
The transport properties in the nanostructure electronic devices are often studied theoretically in the wide-band limit (WBL) and under the Markovian approximation 12, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . The WBL approximation neglects an important fact that electron tunneling amplitudes and also electrodes' densities of states are in general energy-dependent. The Markovian approximation assumes that the correlation time of the electrons in the electrodes (reservoirs) is much shorter than the typical system response time. These approximations may not be always true in realistic nanostructure devices. Hence, a recent development in quantum nanostructure electronic transport has been devoted to the study of the non-Markovian effects on the electron transport properties, taking into account the energy-dependent spectral density of electrodes 33, [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . In this paper, we investigate the dynamics of a NMR subject to a measurement by a low-transparency QPC or a tunnel junction in the non-Markovian domain. This problem has been extensively studied in the literature under various conditions and approximations [19] [20] [21] [22] [23] . In Ref. 19 a master equation of the reduced density matrix of a NMR was obtained for zero-temperature QPC reservoirs (electrodes) in the high-bias limit. The master equation presented in Ref. 20 included not only the effect of the QPC reservoirs in the high-bias limit but also the effect of a high-temperature thermal environment on the NMR. The master equation derived in Ref. 21 was claimed to be applicable for a broad range of QPC temperatures and bias voltages and for arbitrary NMR frequencies. However, the results presented in these papers [19] [20] [21] [22] [23] were under the Markovian approximation and without considering the energydependent spectral density of electrodes. In this paper, we take these into account and derive a time-local (timeconvolutionless) non-Markovian master equation 43, [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] that reduces, in appropriate limits, to various Markovian versions of the master equations in these papers [19] [20] [21] [22] [23] . We find considerable differences in dynamics between the non-Markovian case and its Markovian counterpart in some parameter regime. We also calculate the timedependent transport current through the QPC which contains information about the measured NMR system. We find an extra transient current term proportional to the expectation value of the symmetrized product of the position and momentum operators of the NMR. This extra current term, with a coefficient coming from the combination of the imaginary parts of the QPC reservoir correlation functions, has a substantial contribution to the total transient current in the non-Markovian case and differs qualitatively and quantitatively from its Markovian WBL counterpart. But it was generally ignored in the studies of the same problem in the literature [19] [20] [21] [22] [23] . Considering the contribution of this extra term, we show in this paper that a significantly qualitative and quantitative difference in the total transient current between the non-Markovian and the Markovian WBL cases can be observed. Thus, it may serve as a witness or signature of the non-Markovian features in the coupled NMR-QPC system.
The paper is organized as follows.
In Sec. II, we describe our NMR-QPC model.
In Sec. III, we derive a time-local (time-convolutionless) nonMarkovian 43, [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] number-resolved or n-resolved (conditional) 20, 21, [24] [25] [26] [27] 29, 31, 32 master equation of the density matrix of the NMR subject to a measurement of a QPC detector and an influence of a thermal bath. Our non-Markovian equation is valid for arbitrary bath temperatures, electrode reservoir temperatures, bias voltages and NMR frequencies as long as the approximation used in our approach, namely the second-order perturbation in the system-bath and system-reservoir coupling strengths, holds. In Sec. IV, we present the unconditional non-Markovian master equation and show that the unconditional non-Markovian master equation we obtain reduces, in appropriate limits, to various Markovian versions of the master equations in the literature. In Sec. V, we calculate the non-Markovian expectation values of the NMR dynamical variables. The time-dependent transport current through the QPC which contains information about the measured NMR system is calculated in Sec. VI. We follow Ref. 21 to categorize the non-Markovian average current into several physically distinct contributions. We find an extra transient current term that has a substantial contribution to the total transient current in the Non-Markovian case. Numerical results together with discussions are presented in Sec. VII. A conclusion is given in Sec.VIII.
II. HAMILTONIAN OF THE NMR-QPC MODEL
In this section, we describe the model of a NMR that is subject to a measurement by a low-transparency QPC or electric tunnel junction [18] [19] [20] [21] [22] [23] and is under an influence of a thermal environment (see Fig. 1 ). In this model, the NMR is considered as a quantum harmonic oscillator, and the thermal environment and the QPC electrodes (leads) are treated as an equilibrium bosonic bath and non-equilibrium fermionic reservoirs, respectively. By considering the NMR linearly coupled to the QPC, the Hamiltonian can then be written as where
with
and Here H S represents the Hamiltonian of the NMR system, and m and ω o are the mass and the (renormalized) natural frequency of the NMR, respectively. H B represents the Hamiltonian for the left and right leads (reservoirs) of the QPC and the thermal (bosonic) bath. The thermal bath in Eq. (3) consists of a large number of harmonic oscillators with masses m n and frequencies ω n , respectively. In Eq. (4), c l,k and ǫ l k are, respectively, the fermion (electron) reservoir annihilation operators and energies with wave vector k for the left (source) or right (drain) lead of the QPC. The interaction Hamiltonian H I , Eq. (5), contains two parts: the first term describes the tunneling Hamiltonian of the electrons through the QPC and the second term describes the interaction between the NMR and the thermal environment. In Eq. (6), the bare tunneling amplitude between respective states with wave vectors k and q in the left and right leads (reservoirs) of the QPC is given by T kq , and H.c. stands for the Hermitian conjugate of the previous term. So the interaction between the NMR and QPC introduces an effective tunneling amplitude 21 from T kq → T kq + χ kq x in Eq. (6). The NMR and each of the thermal bath oscillators interact bilinearly through their respective position operators as shown in the last term of Eq. (5), and λ n is the coupling strength.
III. NUMBER-RESOLVED QUANTUM MASTER EQUATION
Non-Markovian dynamics usually means that the current time evolution of the system state depends on its history, and the memory effects typically enter through integrals over the past state history. However, the nonMarkovian system dynamics of some class of open quantum system models may be summed up and expressed as a time-local, convolutionless form 56 where the dynamics is determined by the system state at the current time t only. This time-local, convolutionless class of open quantum systems may be treated exactly without any approximation. The quantum Brownian motion model or the damped harmonic oscillator bilinearly coupled to a bosonic bath of harmonic oscillators 56-58 is a famous example of this class. The pure-dephasing spin-boson model 59-64 also belongs to this class. The non-Markovian effects in the master equations are taken into account by the time-dependent decoherence, damping and/or diffusion coefficients instead of convolution memory integrals.
The perturbative non-Markovian open quantum system theory may also be categorized into two classes: the time-nonlocal and the time-local (or timeconvolutionless) methods. This has been discussed extensively in the literature [46] [47] [48] 51 . In the quantum master equation approach, after the Born approximation, the master equation of the reduced density matrix ρ(t) of the system could be an integro-differential equation and thus nonlocal in time. In the interaction picture, the master equation in this case can be written as 48, 65, 66 
whereρ(t) is the reduced density matrix of the system andH I (t) is the system-reservoir interaction Hamiltonian in the interaction picture. In obtaining Eq. (7), the assumption of the initial total density matrix in the uncorrelated (factorized) form ofρ T (0) =ρ(0) ⊗ R 0 (with R 0 being the reservoir density matrix) and the assumption that the system-reservoir interaction Hamiltonian satisfies the condition of
to eliminate the first-order term inH I are made. However, it can also be shown that another systematically perturbative non-Markovian master equation that is local in time 43, [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] can be derived from the timeconvolutionless projection operator formalism [45] [46] [47] [48] or from the iteration expansion method 49 . Under the similar assumptions of the factorized initial system-reservoir density matrix state and Eq. (8), the second-order timeconvolutionless master equation can be obtained as
We note here that obtaining the time-convolutionless non-Markovian master equation perturbatively up to only second order in the interaction Hamiltonian is equivalent to replacingρ(t ′ ) withρ(t) in Eq. (7) [46] [47] [48] [49] 51 . One may be tempted to think that the second-order timenonlocal master equation (7) is more accurate than the second-order time-local (time-convolutionless) master equation (9) since besides the Born approximation, the (first) Markovian approximation of replacingρ(t ′ ) withρ(t) in Eq. (7) seems to be an additional approximation made on the time-local master equation. But it has been shown 43, 46, 48, 51 that this may not be the case. In many examples 43, 46, 48, 51 , the time-convolutionless approach works better than the time-nonlocal approach when the exact dynamics is available and is used to test the perturbative non-Markovian theory based on these two approaches. The Markovian approximation that we refer to here corresponds to the (second) Markovian approximation where the bath (reservoir) correlation functions are δ-correlated in time. In this (second) Markovian limit, one may change in Eq. (9) the integration variable t ′ to τ = t−t ′ and then extend the upper limit of the time τ integral to infinity (i.e., t → ∞) as the bath correlation functions (kernels) are δ-correlated in time and thus sharply peak at the lower limit τ = 0 of the integral. Recently, there are several investigations [67] [68] [69] [70] of constructing different measures of non-Markovianity to quantify the degree of non-Markovian behavior of the quantum time evolutions of general systems in contact with an environment. In this article, we do not concern ourselves with determining the degree of non-Markovian character as investigated in Refs. 67-70. The non-Markovian process here refers to that we do not make the (second) Markovian approximation of assuming the bath (reservoir) correlation functions being δ-correlated in time on Eq. (9) to obtain the second-order time-convolutionless master equation so the resultant quantum dynamics of the system state is not Markovian. In other words, the influence of the coarse-grained environment causes nonlocal noise correlations and the memory effects of the non-Markovian dynamical process are contained in the time-dependent decoherence, damping and/or diffusion coefficients of the time-convolutionless master equation rather than time-independent ones in the Markovian case.
We will derive conditional number-resolved (or nresolved) and unconditional quantum master equations for the reduced density matrix of the NMR up to second order in the effective tunneling amplitude and in the NMR-thermal-bath coupling strength. The n-resolved master equation 20, 21, [24] [25] [26] [27] 29, 31, 32 describes the dynamics of the reduced NMR system state conditioned on the number n of the electrons that have tunneled through the QPC detector in time interval of (0,t), and is thus ready to be used to calculate the transport properties, such as the transport current. The unconditional master equation can be obtained by summing all possible numbers of electrons n in the right lead (drain) of the QPC. We will present the derivation of the non-Markovian (time-convolutionless form) master equation of the reduced density matrix of the NMR system by considering only the non-equilibrium QPC fermionic reservoirs first, and will include the effect of the equilibrium thermal bosonic bath into the derived master equation later. To proceed the derivation, it is convenient to go to the interaction picture 48, 65 with respect to H 0 = H S +H leads . The dynamics of the entire system is determined by the time-dependent tunneling Hamiltonian in the interaction picturẽ (10) where x(t) = x cos(ω o t)+ (p/mω o ) sin(ω o t). By rewriting
the interaction (tunneling) Hamiltonian, Eq. (10), can be written in the form of
where
is the reservoir operator and
is an operator in a discrete Fourier decomposition 30 acting on the Hilbert space of the NMR system. Introducing the dimensionless characteristic length x 0 = /mω o and momentum p 0 = √ m ω o , we may write
whereχ kq = χ kq x 0 has a dimension the same as T kq . The form of Eq. (14) indicates that there are three different jump processes that involve no excitation, excitation, and relaxation of the energy quanta of the NMR, respectively. P 1 is associated with elastic (no excitation) tunneling of electrons through the QPC junction and P 2 (P 3 ) is associated with inelastic excitation (relaxation) of electrons tunneling through the QPC with an energy transfer ω o . The energy which relaxes (excites) in response is provided by the NMR. By regarding the tunneling Hamiltonian, Eq. (12), as a perturbative interaction Hamiltonian, one can see that the first-order term vanishes, i.e., Eq. (8) is satisfied, for the density matrix of the QPC reservoirs (leads) given by
HereN l = k c † l,k c l,k , µ S and µ D are the chemical potentials which determine the applied QPC bias voltage, eV = µ S − µ D , and β = 1/ (k B T ) is the inverse temperature. One may then obtain the second-order (Born approximation) time-convolutionless non-Markovian master equation for the reduced density matrix of the NMR system by substituting Eq. (12) into Eq. (9). However, in order to make contact of the NMR system with the QPC detector output current, it will be convenient to obtain an n-resolved master equation 20, 21, [24] [25] [26] [27] 29, 31, 32 . The rotating wave approximation and Markovian approximation are known to be pretty good approximations for systems in quantum optics. The rotating wave approximation is a good approximation provided that the strength of the dissipative corrections or the relaxation rate, denoted generically as γ R , is small compared to the minimum nonzero system frequency difference (energy difference/ ) involved in the problem. In the present case, this implies that the generic rate γ R in conditional n-resolved and unconditional master equations should satisfy the condition of γ R ≪ ω 0 . The relevant physical condition for the Markovian approximation is that the bath correlation time is very small compared to the typical system response time. But since the (renormalized) resonant frequency ω 0 of a NMR is typically in the range of a few hundred KHz to a few GHz which is much smaller than typical optical frequency of 10 15 Hz and since the reservoir correlation time in solid-state devices may not be much shorter than the typical system response time, we will not make the Markovian approximation and the pre-trace and post-trace rotating wave approximations [71] [72] [73] in our derivation of the master equation. By first identifying the jump operator terms and partially taking trace over the microscopic degrees of freedom of the QPC reservoirs but keeping track of the number n of electrons that have tunneled through the QPC detector during the time period (0, t), and then changing from the interaction picture to the Schrödinger picture, we can obtain from Eqs. (9) and (12) the timeconvolutionless non-Markovian n-resolved (conditional) master equation aṡ
where we have also included the intrinsic dissipation effect of the NMR induced by interacting with a nonMarkovian thermal bosonic environment in the last term of Eq. (19) . The mode-dependent symmetric and anti-symmetric two-time reservoir correlation function,
and
Here the notation . . . indicates the expectation value over the initial density matrix of the reservoirs and consequently, F of the left (source) and right (drain) reservoirs of the QPC 28, 29, 31, 32 . By taking into account relevant tunneling amplitudes and summing over the wave vectors of the QPC reservoirs, the structure of the influence of the QPC reservoirs on the dynamics of the NMR system is then characterized by the symmetric and anti-symmetric two-time reservoir correlation kernels,
, where the value of A k,q and B k,q could be any one of the tunneling amplitudes, T k,q andχ k,q = χ k,q x 0 . In the continuous limit, the summation of the QPC reservoir modes can be replaced by the continuous integrations,
, where the energydependent densities of states g S (ǫ S k ) and g D (ǫ D q ) are introduced for left and right QPC electron reservoirs, respectively. In principle, the tunneling amplitudes,
, are also energydependent. We may deal with any realistic energy function form of the densities of states and tunneling amplitudes to take into account the memory effect of the QPC reservoir on the electron transport and the NMR system in our non-Markovian treatment. For simplicity, we follow several non-Markovian electron transport studies 33, [36] [37] [38] [39] [41] [42] [43] 74, 75 by considering a spectral density with energy-dependent densities of states and tunneling amplitudes absorbed in a Lorentzian form as
where the cut-off energy Λ e characterizes the width of the Lorentzian energy-dependent distribution, the parameter E i denotes the effect of the variation of the QPC junction barrier potential 33 due to the interaction with the NMR, A 00 , B 00 , g 0 L and g 0 R are energy-independent tunneling amplitudes and densities of states near the average chemical potential. Physically, this spectral density of Eq. (22) means that given an electron state with a fixed energy ǫ S k in the left lead, the electron can tunnel into the electron energy states of the right lead with a central energy at ǫ D q + E i and a Lorentzian width Λ e . In the limit of Λ e → 0 and in the absence of the interaction with the NMR (i.e., E i = 0), the QPC spectral density, Eq. (22), is proportional to δ ǫ
that represents the resonant tunneling process. In the opposite case of the cut-off energy Λ e → ∞, the QPC spectral density, Eq. (22), becomes energy-independent and reduces to the constant WBL spectral density used in the literature. The average (effective) zero-temperature electron tunneling conductances (G/e 2 ) through the QPC barrier in the WBL can be written as
Compared with the energy-dependent spectral density, the WBL one that assumes all electron states in the left reservoir having equal likelihood to tunnel to all the electron states in the right reservoir regardless their energies may not be a very good physical approximation after all.
We note that the dynamical behaviors of the NMR-QPC system are sensitive to the actual energy dependence and the bandwidth of the QPC spectral density (which may be different from the simple Lorentzian form considered here). The realistic energy dependence or function form of the densities of the states and the tunneling amplitudes in the spectral density depends on the detailed QPC electronic structure. Here we perform a model calculation for the QPC-NMR system using a simple Lorentzian spectral density to study the influence of finite bandwidth (cut-off energy) and memory effect on the NMR system dynamics. We will show later in our numerical treatment of the non-Markovian NMR-QPC system that for the parameters we choose, when the bandwidth of the Lorentzian spectral density of Eq. (22) is about Λ e ≤ 5 ω 0 , the time-dependent coefficients, the dynamical variables of the NMR and the currents through the QPC differ significantly from their Markovian WBL counterparts. This can be understood as follows. As discussed earlier, in the limit of Λ e → 0, only one channel ǫ and with randomness coming from electron scattering determined by the band structure associated with the geometry of the metallic gates in the QPC. The electron-tunneling processes with more random channel mixture will reduce the QPC reservoir correlation time 33 and therefore suppress the QPC reservoir memory effect on the NMR dynamics. Thus the non-Markovian processes will become significant if the QPC electronic structure can be designed or engineered to have a spectral density with a narrow bandwidth comparable to the (renormalized) resonant frequency of the NMR as the QPC reservoir correlation time in this case is comparable to the NMR system response time (see also the discussions regarding Figs. 2 and 3 in Sec. VII). The typical frequency of NMR is in the range of a few hundred KHz to a few GHz. Thus the condition of being able to observe a significant non-Markovian finite-bandwidth behavior of Λ e ≤ 5 ω 0 suggests that the bandwidth of the QPC spectral density should be in the range of about 1 ∼ 20 µeV.
With the specified spectral density Eq. (22) and the help of Eqs. (20) and (21), one can rewrite the n-resolved master equation (19) into the following forṁ
Here P i is defined in Eqs. (15)- (17),
, the values of the frequency ω i are given by ω 1 = 0, ω 2 = −ω 3 = ω o , and H.c. denotes the Hermitian conjugate of all the previous terms in the curly bracket of Eq. (23) . By the change of the new variables, ω (23) can be written as following forms:
Physically, f ± F (t, eV ) and f ± B (t, −eV ) describe the memory effects on the NMR system induced by the elastic electron tunneling processes in the QPC reservoirs with no excitation of the NMR. The time-dependent coefficients f
the memory effects on the NMR system caused by the inelastic electron tunneling processes that involve the NMR excitation and relaxation, respectively.
The effect of the thermal bosonic environment on the master equation in the last line of Eq. (23) can be derived also up to second order in system-environment coupling strength [48] [49] [50] and the result is given as
where the time-dependent coefficients arẽ
HereΩ 2 o (t) is the frequency shift due to the coupling to the thermal environment, γ o (t) is the dissipative coefficient, and D o (t) and h o (t) represent the diffusion coefficients. The two kernels η(τ ) and ν(τ ) appearing in Eqs. (29)−(32) are so-call dissipation and noise kernels , respectively, and are defined as
where J(ω) is the spectral density of the bosonic environment defined as
Again, we could, in principle, deal with any given form of the spectral density. But as a particular example, we use the following form of spectral density with a LorentzDrude cut-off function to specify the environment [48] [49] [50] 58 
where Λ o is the cut-off frequency, γ is a constant characterizing the strength of the interaction with the environment, and m is the mass of the NMR. For simplicity, we will take the commonly used spectral density of an Ohmic bath, i.e., n = 1 case in Eq. (36) . The n-resolved master equation (23) with Eq. (28) was derived without making the Markovian and the pre-trace and post-trace rotating wave approximations, and the only approximations we use are the second-order perturbation theory, the initially factorized system-bath density matrix, and the forms of the spectral densities of Eqs. (22) and (36) . So the n-resolved master equation is valid for arbitrary bias voltages and environment of temperature, as long as the perturbation theory that we use up to second order in the system-QPC and systemenvironment coupling strength holds.
IV. UNCONDITIONAL MASTER EQUATION AND MARKOVIAN LIMIT
A. Unconditional master equation
In this subsection, we present the unconditional master equation for the reduced density matrix of the NMR system. Statistically, the unconditional master equation can be straightforwardly obtained by summing up Eq. (23) over all possible electron number n, i.e., ρ R (t) = n ρ (n) R . Despite the different nature between the non-equilibrium fermionic QPC reservoir and the thermal bosonic environment, by combining the relevant terms together, the unconditional non-Markovian master equation can be cast into a simple form similar to the non-Markovian quantum Brownian motion master equation aṡ
The whole non-Markovian character of the dynamics of the NMR system is contained in the time-dependent coefficients appearing in the master equation. The timedependent coefficients that come from the QPC electron reservoirs are denoted with a subscript e. The frequency renormalizationω 2 e (t), the damping coefficient γ e (t), the decoherence coefficient D e (t) and the diffusion coefficient h e (t) are, respectively, given bỹ
We note that due to the interaction with the thermal environment, the frequency shift termΩ 2 o (t) in Eq. (37) diverges as the cut-off frequency Λ o → ∞ and thus is not physical [48] [49] [50] 58 . Therefore, a regularization procedure 76, 77 is needed for the frequency renormalization. We adopt the view of the renormalization 76, 77 to regard the frequency in the original Hamiltonian as a finite renormalized frequency ω o and add a frequency counter term with a frequency [48] [49] [50] 58 defined as
to cancel at large times the frequency shiftΩ (23) and (37) are the main results of this paper.
B. Markovian limit
Next, we show that by taking appropriate limits, our non-Markovian master equations can recover the various Markovian master equations reported in the literature. The Markovian approximation is valid when the bath correlation time is much smaller than the characteristic time scale of the system of interest. The bath correlation time is determined by the bath correlation kernels (functions) and depends on the form of the bath spectral density. We will perform the numerical calculation of the QPC reservoir correlation time in the next section to investigate how the reservoir correlation time is varied as a function of various parameters in the problem.
Here, if we nevertheless take the Markovian approximation of very short bath correlation times of the QPC reservoirs and of the thermal bosonic environment, this is equivalent to assuming that the bath correlation functions (kernels) are δ−correlated in time and thus the upper limit t of the time τ integrals in Eqs. (24)- (27) for QPC reservoirs and in Eqs. (29)- (32) for the thermal bosonic bath can be taken to t → ∞. Another commonly used assumption in the Markovian limit is the socalled WBL approximation. This assumption may not seem essential to evaluate the integrations if one already makes the very short bath correlation time approximation. But the assumption of very short bath correlation times can be justified in various models of the bath spectral densities with very large cut-off energies. This has been demonstrated for the bosonic Ohmic bath [48] [49] [50] 58 . We will show in Sec. VII that this is also the case for the simple Lorentzian spectral density of Eq. (22) for the non-equilibrium QPC fermionic reservoirs. Thus, if we take the Markovian approximation of very short correlation times (integration limit t → ∞), then the timedependent coefficients in the master equations (23), (28) and (37) become time-independent. Specifically, using the relation 
We note here that we separate the Markovian approximation from the WBL approximation although the Markovian approximation can often be justified by considering a very large cut-off energy. So the cut-off energy Λ e remains in Eqs. (50) [19] [20] [21] 25, [28] [29] [30] [31] [32] , where the value of A 00 and B 00 could be either one of the tunneling amplitudes T 00 and χ 00 . As a result, in the Markovian limit, the frequency renormalization, the damping coefficient, the decoherence coefficient, and the diffusion coefficient in Eqs. (38)- (41) due to the QPC reservoirs in the WBL (Λ e → ∞) become, respectively
Similarly, the frequency renormalization, the damping coefficient and the diffusion coefficients in Eqs. (29)- (32) due to the Ohmic thermal environment in the Markovian WBL (Λ o → ∞) can also be obtained as
where υ n = 2πnk B T / are known as the Matsubara frequencies. We note that our unconditional non-Markovian master equation (37) 
V. DYNAMICS OF THE NMR
Using the master equation (37), we can obtain the equation of motion for the mean or expectation value of any physical operation O of the NMR by calculating
. So the equations of motion of the mean (expectation value) of the position and the momentum are
and for the second moments we obtain
Combining Eqs. (62) and (63) yields
One may in principle solve the time evolutions of the differential equations (62)- (66) and the numerical results will be presented in Sec. VII. Simple analytical expressions of the steady-state (t → ∞) solutions can, however, be obtained as
For the moment, let us consider the case where the influence of the thermal environment is neglected. We also note that, for typical values of finite electric reservoir temperatures and finite electric bias voltages, the diffusion coefficient h e (t)/ is generally much smaller than D e (t)/p 2 0 and γ e (t) and thus is often neglected. In this case, we obtain from Eqs. (70), (55) and (56) the steadystate x 2 t→∞ in the WBL as
At zero temperature (k B T = 0) and low voltages (eV ≪ ω o ), we have x 2 ≈ 2mωo . In this case, the NMR is in the ground state and is independent of the bias voltage as the bias voltage is unable to excite the NMR from its ground state. On the other hand, at high voltages (eV ≫ ω o ), the NMR is no longer in the ground state and
ω o ), the quantum mean square of the position of the NMR becomes
that is expected from a classical oscillator in thermal equilibrium.
VI. TRANSPORT CURRENT
With the n-resolved time-convolutionless master equation for ρ , where N (t) = n nP (n, t) = n nTr ρ 
Here ρ R (t) = n ρ (n) R (t) is the unconditional density matrix of the NMR. This non-Markovian average current is valid for arbitrary QPC lead temperatures and arbitrary bias voltages as long as the second-order perturbation theory holds. We follow Ref. 21 to categorize the non-Markovian average current, Eq. (73), into four physically distinct contributions. Using the definition of P = 3 i=1 P i and the definition of P i in Eqs. (15)- (17), we write the non-Markovian average current, Eq. (73), as
The first term in Eq. (74) depends on the oscillation position of the NMR and can be written as
It reduces in the Markovian WBL to the so-called Ohmiclike part of the current proportional to the conductance defined in Ref. 21 . In Eq. (75), the term with conduc-
represents the current through the isolated QPC junction, and the remaining terms due to the coupling to the NMR with conductances
0 R |χ 00 | 2 contribute to the nonlinear part of current-voltage characteristic 21, 79 as the state of the NMR will depend on the bias voltage. The time-dependent coefficients ∆ i (t) in the nonMarkovian region can be written as
where ξ a 1 (t) and ξ a 2 (t) are defined in Eqs. (44) and (46), respectively. The second term in Eq. (74), I P (t)/e, is proportional to the average velocity of the oscillator
This term is nonvanishing only for an asymmetric junction
00 χ 00 ] = 0. The third term in Eq. (74), I QM (t), derived from the commutator of position and momentum operators, is referred to as the quantum correction to the current
Here the time-dependent coefficients ∆ 4 (t) and ∆ 5 (t) can be written as 
The last term in Eq. (74), I {X,P } (t)/e, is a new term that was not discussed in Ref. 21 . This term originates from symmetrized product of the position and momentum operators and can be written as
and ξ a 1 (t) and ξ a 2 (t) are defined in Eqs. (44) and (46), respectively. In the Markovian limit, this term becomes
where the functions Θ F (x) and Θ B (x) are defined in Eqs. (52) and (53), respectively. This extra current term, Eq. (86), with a coefficient coming from the combination of the imaginary parts of the QPC reservoir correlation functions, was generally ignored in the studies of the same problem in the literature [19] [20] [21] [22] [23] . The contribution to the diffusion coefficient h e (t), Eq. (41), also comes from the imaginary parts of the QPC reservoir correlation functions but with a different combination. Unlike the diffusion coefficient h e (t) which is generally much smaller than the other decoherence and damping coefficients for typical parameters and is thus often neglected, we will show in the next section that Eq. (86) has a substantial contribution to the total transient current in the non-Markovian case and differs qualitatively and quantitatively from its Markovian WBL counterpart, Eq. (89) with Λ e → ∞. Thus it may serve as a witness or signature of finite-bandwidth non-Markovian features for the coupled NMR-QPC system.
VII. NUMERICAL RESULTS AND ANALYSIS
In our numerical calculations, we first concentrate on the case where the influence of the thermal environment is neglected. This allows us to address the nonMarkovian effect coming solely from the QPC reservoirs. This case where the effect of the QPC reservoirs dominates over that of the thermal environment may nevertheless be justified for a much larger relative coupling strength of QPC to the NMR and for typical QPC bias voltages and reservoir temperatures. We will discuss in subsection VII B the case when the effect of the thermal environment is included and is comparable to that of the QPC reservoirs.
A. Effect of only the QPC reservoirs
Figures 2(a) and 2(b) show the dependence of real parts of the mode-independent two-time symmetric and antisymmetric QPC reservoir correlation kernels (functions) on the time-difference τ = t − t 1 for various values of the cut-off energy Λ e . The mode-independent twotime symmetric and antisymmetric QPC reservoir correlation kernels (functions) are evaluated by converting the summations over k, k ′ and q, q ′ of the mode-dependent correlation functions (kernels) of Eqs. (20) and (21) Figs. 2(a) and 2(b) , the dependence of τ B on the bias voltage is much weaker than that on the cut-off energy Λ e . The insets show that the larger the cut-off energy Λ e is, the smaller the bath correlation time τ B is. Moreover, the bath correlation time in this case is about τ B ∼ /Λ e . Figure 3(a) shows the symmetric reservoir correlation kernel (function) that depends on bias voltage eV and time-difference τ = t − t 1 for a cut-off energy of Λ e = 1.0 ω o . Although the bath correlation time is affected mainly by the value of the cut-off energy Λ e , one can still coefficients become higher and the half-maximum widths become narrower. Moreover, the positions of the peaks of the profiles also shift to the short time region. In other words, the memory effects of the non-Markovian time-dependent coefficients persist for longer times for smaller values of the cut-off energy. We distinguish the Markovian case, where the cut-off energy Λ e is finite, from the Markovian WBL case, where the spectral density becomes energy-independent as Λ e → ∞. So one can also see that the time-dependent coefficients approach their respective long-time Markovian counterparts of Eqs. (50) and (51) with finite cut-off energies (bandwidths). Furthermore, the non-Markovian coefficients with larger cut-off energies approach more rapidly in time to their Markovian counterparts.
Generally speaking, for the inelastic forward tunneling coefficients in Figs. 4(a), 5(a), 6(a) and 6(b) , when the values of the temperature and bias voltage are higher, the long-time asymptotic (Markovian) values of the timedependent coefficients are larger but the time scales for the time-dependent coefficients approaching their longtime values become shorter. The inelastic (emission) backward tunneling coefficients in Fig. 4 (b) approach, at a rather low temperature of k B T = 0.1 ω o , approximately zero (the Markovian value) at long times since the argument of (−eV − ω o ) is negative [see Eq. (51)]. Similarly, since the argument of (eV − ω o ) for a low bias voltage of eV = 0.1 ω o is negative, the inelastic (emission) forward tunneling coefficients in blue solid lines in Fig. 5(a) also approach, at a low temperature, approximately zero (the Markovian value) at long times. On the Next we discuss the time-dependent coefficients of the or the imaginary part of the combination of the reservoir correlation kernels or functions (or coming from the contributions of the Cauchy principle values in the Markovian case) is typically very small compared to the other coefficients (see Fig. 7 ) and thus is often neglected in the discussion of the reduced dynamics of the NMR. We will show later that a transient current term coming also from the contributions of the imaginary parts of the reservoir kernels with a different combination has, however, a substantial value and should be kept in order to describe correctly the measured time-dependent current. and x(t)p (t) + p (t) x(t) /x 0 p 0 oscillate with twice the frequency. As expected, the non-Markovian results with larger cut-off energies Λ e are closer to their Markovian WBL results, and there are considerable differences between the Markovian WBL cases and the non-Markovian cases with the cut-off energies Λ e comparable to the NMR frequency ω o . We note here that our results include the frequency renormalization in the non-Markovian cases.
We can see from (68)- (70) and (72) . Figure 9 shows the differences in time evolutions of the individual contribution terms of the average current, Eq. (74), between the Markovian WBL case and the nonMarkovian cases with a small cut-off energy of Λ e = ω o . We further divide the first term in Eq. (74), i.e., Eq. (75), into three parts: the isolated QPC tunneling current, the current proportional to x(t) , and the current proportional to x 2 (t) . These three parts are plotted in Figs. 9(a), (b) and (c), respectively. The last three terms of the total current, Eq. (74) , are plotted in Figs. 9(d) , (e) and (f), respectively. There are considerable differences between the non-Markovian and Markovian WBL results. In particular, the tunneling coefficients in the Markovian WBL are constants in time, and thus the coefficients ∆ i in front of the individual contributions to the total average current become also time-independent. As a result, the initial values of the individual contribution terms of the average current will depend only on the initial values of the dynamical variables of the NMR. For example, we choose an initial state such that x(0) = 0 and x 2 (0) = 0. Then the Markovian WBL current contributions I X (t) and I XX (t) start at a finite value at time t = 0, i.e., the QPC responses instantaneously to the motion of the NMR to generate a finite current at t = 0 (see the red dashed lines in Fig. 9 ). This is of course not physical. In contrast, in the nonMarkovian case, the tunneling coefficients and ∆ i (t) are time-dependent and their initial values at the moment t = 0 when the QPC detector is brought to interact with the NMR are zeros. Thus the individual contribution terms of the average current start from zeros (see the blue solid lines in Fig. 9 ) and will approach their Markovian (44) and (46), respectively. Recall that the frequency renormalizationω The typical values of h e (t) are however very small as compared to other time-dependent decoherence and dissipation coefficients (see Fig. 7 ) and thus h e (t) is often neglected. Similar to h e (t), the extra transient
decreases as Λ e increases even though the individual terms of the imaginary parts of ξ a 1 (t) and ξ a 2 (t) defined in Eqs. (44) and (46) also diverge as Λ e → ∞. However, I {X,P } (t) has a considerable magnitude and should be included into the time-dependent current. I {X,P } (t) is also proportional to {x, p}(t) which vanishes in the steady state, so I {X,P } (t) exits only in the transient regime.
As mentioned that I {X,P } (t) decreases as Λ e increases, the contribution of I {X,P } (t) to the transient current is very small for large cut-off energies. Indeed, we can see from the red dashed line in Fig. 9 (f) that I {X,P } (t) does not contribute to the transient current in the Markovian WBL case.
For clarity, we plot in Fig. 10(a) the difference between the total current and the isolated QPC tunneling current, i.e., I(t)−I iso (t), for different values of the cut-off energy. For comparison, we further deduct the contribution of I {X,P } (t) of Eq. (86) from I(t)− I iso (t), and the resultant current is plotted in Fig. 10(b) . In the steady state, the expectation values x t→∞ = p t→∞ = {x, p} t→∞ = 0. Thus the total steady-state average current that approaches its Markovian long-time value becomes
(90) It has been discussed in Ref. 21 that in the limit of small bias voltages and temperatures (i.e., eV, k B T ≪ ω o ), the quantum correction current I QM (t → ∞) in the steady state has to cancel I XX (t → ∞) as the voltages and temperatures are too small to excite the NMR. As a result, the steady-state average current in this case is equal to that of an isolated QPC junction, I iso (t → ∞). This is indeed the case for the low values of voltage and temperature chosen in Figs. 9 and 10. We can see from Fig. 9 (e) and the inset of Fig. 9(c) that the steady-state I QM (t → ∞) does cancel the steady-state I XX (t → ∞). As a result, the total average current difference I(t) − I iso (t) in Figs. 10 vanishes in the steady state. We can also see from Figs. 10(a) and (b) that for a large cut-off energy or bandwidth of Λ e = 100 ω 0 , the evolution of the time-dependent current approaches that of the Markovian WBL case closely. Without including the contribution of I {X,P } (t) of Eq. (86) to the average current, there are still substantially quantitative difference between the Markovian WBL current and the non-Markovian currents with finite cut-off energies as shown in Fig. 10(b) . Furthermore, both significantly qualitative and quantitative differences between the nonMarkovian currents and the Markovian WBL current in the short-time region are clearly observed in Fig.10(a) . The non-Markovian transient currents with small values of cut-off energy are characterized by oscillations with large amplitudes and twice the NMR renormalized frequency as compared to the Markovian WBL one. We note that although a significant difference between the non-Markovian and Markovian WBL currents I XX (t) in Fig. 9(c) can be observed, the values of I XX (t) are small compared to those of the other individual current contribution terms. So this difference in I XX (t) may not be easily identified in the total average current as that of I {X,P } (t). This extra contribution of I {X,P } (t) of Eq. (86) was completely neglected in the discussion of the Markovian current for the same problem in the literature [19] [20] [21] [22] [23] . We find, however, that this extra significant contribution of I {X,P } (t) in the transient current may serve as a witness or signature of the non-Markovian features for the coupled NMR-QPC system with finite cut-off energies (bandwidths).
B. Inclusion of the effect of thermal bosonic environment
So far, we do not include the effect of the thermal bosonic environment into our numerical calculations. A natural question is whether including the effect of the bosonic environment changes the picture that the transient current can be used to witness non-Markovian effects of the coupled NMR-QPC system. Notice that most of the individual time-dependent current terms depend on the product of two factors: the combination of timedependent coefficients ∆ i (t), and the time-dependent dynamical variables of the NMR. The inclusion of the effect of the thermal bosonic environment affects only the time evolution of the NMR dynamical variables but not the time-dependent coefficients ∆ i (t). So if the coupling of the NMR to the thermal environment is small compared with the coupling to the QPC reservoirs, then the main non-Markovian feature in the QPC transient current will remain. But if the coupling of the NMR to the thermal environment is comparable to the coupling to the QPC reservoirs, then the dynamical variables will reach their steady-state more quickly. Figure 11 shows the time evolutions of x(t) , p(t) , x 2 (t) , and {x, p}(t) for different values of the ratio of (γ of x(t) , p(t) , x 2 (t) , and {x, p}(t) diminish and the time at which the steady state is reached shifts to the short time region since the total damping coefficient become larger. As a result, the differences in oscillation amplitudes between I(t)−I iso (t) and I(t)−I iso (t)−I {X,P } (t) become small and the time intervals where the differences exist with characteristic oscillation frequency of 2ω o also become shorter(see Fig. 12 ). The oscillations will quickly reach their steady-state values and differences will become unobservable if the ratio of (γ Another question is whether the case where there are no non-Markovian effects in the NMR-QPC system, but there are non-Markovian effects induced by the bosonic environment, will result in similar non-Markovian features in the transient current. The answer to the question can be found as follows. In our simple Lorentzian spectral density model, no non-Markovian effects in the NMR-QPC system implies that the cut-off energy or bandwidth of the QPC reservoir spectral density is very large (i.e., Λ e ≫ ω o or in the WBL) since the Markovian limit can be justified by this condition. In the Markovian case, all the coefficients of ∆ i (t) become time-independent. As mentioned previously, the time-dependent coefficient of in the Markovian WBL [see, e.g., Fig. 9(f) ] even though {x, p}(t) has a considerable amplitude in the transient regime [see, e.g., Fig. 8(d) ]. Therefore, if there are no non-Markovian effects in the NMR-QPC system (i.e., in the WBL), the extra transient current term I {x,p} (t) does not contribute even though there may be still significant oscillation amplitudes in {x, p}(t) . Figure 13 shows the current difference of I(t) − I iso (t) for different values of the ratio of (γ M o /γ M e ) in the case where the QPC reservoirs are in the Markovian WBL (i.e., Λ e → ∞). The non-Markovian feature of oscillations with frequency of 2ω o in I(t)−I iso (t) is unobservable in Fig. 13 as I {X,P } (t) does not contribute and I XX (t) is too small. The slight differences in I(t) − I iso (t) between the case of Λ o = 1 and Λ o = 500 are primarily due to the differences in x(t) and p(t) induced by the non-Markovian bosonic environment for the two different values of the spectral density frequency bandwidth Λ o .
VIII. CONCLUSIONS
In summary, we have derived second-order timelocal (time-convolutionless) non-Markovian conditional (n-resolved) and unconditional master equations of the reduced density matrix of a NMR subject to a measurement by a low-transparency QPC or tunnel junction detector and an influence by a thermal environment. Our non-Markovian master equations implemented with the reservoir memory correlation prescription going beyond the WBL allow us to study the memory effect of the non-equilibrium QPC fermionic reservoir and the equilibrium bosonic thermal bath on the NMR. Our nonMarkovian master equations with time-dependent coefficients reduce, in appropriate limits, to various Markovian versions of master equations in the literature. Furthermore, our non-Markovian master equations are valid for arbitrary temperatures of the thermal environment and QPC reservoirs (detector), and for arbitrary bias voltages as long as the perturbation theory up to the second order in the system-detector and system-environment coupling strength holds.
We have found considerable differences in dynamics between the non-Markovian cases and their Markovian counterparts. The fact that the QPC detector induces a back action on the NMR and the motion of the NMR modulates the current through the QPC are taken into account self-consistently. We have also calculated the time-dependent transport current through the QPC which contains information about the measured NMR system. We have found an extra transient current term of I {X,P } (t) of Eq. (86). This extra term, with a coefficient coming from the combination of the imaginary parts of the QPC reservoir correlation functions, was generally ignored in the studies of the same problem in the literature. But we find that it has a substantial contribution to the total transient current in the non-Markovian finite-bandwidth case and differs qualitatively and quantitatively from its Markovian WBL counterpart. Thus it may serve as a witness or signature of non-Markovian features for the coupled NMR-QPC system.
